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From inflation to recent cosmic acceleration: The fermionic Elko field driving the
evolution of the universe
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In this paper we construct the complete evolution of the universe driven by the mass dimension one
dark spinor called Elko, starting with inflation, passing by the matter dominated era and finishing
with the recent accelerated expansion. The dynamic of the fermionic Elko field with a symmetry
breaking type potential can reproduce all phases of the universe in a natural and elegant way. The
dynamical equations in general case and slow roll conditions in the limit H ≪ mpl are also presented
for the Elko system. Numerical analysis for the number of e-foldings during inflation, energy density
after inflation and for present time and also the actual size of the universe are in good agreement
with the standard model of cosmology. An interpretation of the inflationary phase as a result of
Pauli exclusion principle is also possible if the Elko field is treated as an average value of its quantum
analogue.
I. INTRODUCTION
A model that correctly describes the whole evolution
of the universe is one of the main challenge of modern
cosmology. In the standard model, the universe starts
with the big bang in a very hot and dense phase dom-
inated by quantum effects, while the energy density is
greater than Planck energy. Then the universe suffer
an abrupt expansion known as inflation and evolves
dominated by its material content, first radiation, fol-
lowed by dark matter and finally some kind of dark en-
ergy at late times. All models describing these phases
can be tested with great precision after the recent re-
sults from Planck mission [1]. In particular, dozens of
inflationary models based on a single-scalar field have
been considered in [2, 3] by using Bayesian statistical
analysis and surprisingly they found that the better
model is described by the simplest version of inflation,
a kind of vacuum decay model. A natural question
that appears is: what happens to the scalar field af-
ter inflation, since the universe must enter a matter
dominated phase? The answer coming from standard
model is that the universe passes to a reheating phase,
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where the oscillation of the scalar field transfers en-
ergy to radiation and then to matter dominated era.
In this way, any model that would be an alternative
to the evolution of the universe must describe all these
phases satisfactorily.
Very recently, a class of mass dimension one fermions
named Elko, initially proposed by Ahluwalia and Gru-
miller [4–10] as a natural candidate to a fermionic dark
matter particle, underwent a profound overhaul in the
definition of their duals, culminating with a field that
is local and Lorentz covariant [10, 11] (see also [12]
for some additional support). Thus, the interest for
such class of non-standard spinors (NSS), or dark sp-
niors, has increased in recent years, since they are natu-
rally neutral and has mass dimension one1, which leads
them to satisfy only a Klein-Gordon type equation.
The Elko field is constructed as a spin-1/2 field describ-
ing fermions that are eigenstate of the charge conju-
gation operator2. Moreover, as neutral fields, they are
good and natural candidate to particles of dark matter
in the universe, an open problem in cosmology. Mod-
els in which the Elko field is considered as candidate to
dark matter or dark energy in the universe have been
1 Dirac fermions have mass dimension 3/2
2 Dirac fermions are eigenstate of parity conjugation operator
2proposed recently [13–32]. In the present work we are
interested in the Elko field as a possible candidate to
drive inflation, following a matter dominated era and
finishing as the responsible for the recent cosmic accel-
eration of the universe. In this final phase, the Elko
field just rolls down to the minimum of a potential and
acts as a cosmological constant term.
In order to compare the equations and results from
a single scalar field driving the inflation with the corre-
sponding ones of Elko field, we present here a brief re-
view of the scalar field in a flat Friedmann-Robertson-
Walker (FRW) background, following the references
[2, 3, 33–35].
The Einstein equations for a single scalar field φ in
a flat FRW metric are:
H2 =
κ2
3
[
1
2
φ˙2 + V (φ)] , (1)
H˙ = −κ
2
2
φ˙2 , (2)
φ¨+ 3Hφ˙+ V ′(φ) = 0 , (3)
with V ′(φ) ≡ dV/dφ, H ≡ a˙/a the Hubble expansion
parameter, κ2 ≡ 8πG = 1/m2pl with c = 1 and mpl ≈
1019GeV is the Planck mass.
The energy density and pressure for the scalar field
are given by
ρ =
φ˙2
2
+ V (φ) , (4)
p =
φ˙2
2
− V (φ) . (5)
Given a potential V (φ), inflation occurs if the slow-roll
parameters ǫ and η satisfies [33]:
ǫ(φ) ≡ |H˙|
H2
≃ 1
κ2
(
V ′(φ)
V (φ)
)2
≪ 1 , (6)
|η(φ)| ≡
∣∣∣∣∣ φ¨Hφ˙
∣∣∣∣∣ ≃
∣∣∣∣∣ 1κ2 V
′′(φ)
V (φ)
∣∣∣∣∣≪ 1 , (7)
which justifies to neglect the kinetic term from (1)
(φ˙2/2 ≪ V (φ)) and the acceleration term from (3)
(φ¨ ≪ 3Hφ˙). Although being necessary conditions to
drive inflation, the smallness of such parameters is not
sufficient to guarantee that those terms can be ne-
glected [33]. Sometimes, the additional assumption
φ˙ ≃ −V ′/3H is also needed. Such parameters are used
to restrict the form of possible potentials and these
conditions ensure that the onset of expansion is ap-
proximately exponential, as required by all inflationary
theories.
An alternative expression for the condition to infla-
tion occur is given by [33]:
d
dt
H−1
a
< 0 , (8)
showing that the comoving Hubble length H−1/a is
decreasing with time.
Dozens of potential have been proposed in last
decades in order to drive the inflationary phase of ex-
pansion of the universe. Some of them have physi-
cal motivations whilst other are just placed by hand
in order to furnish correct results. References [2, 3]
makes a detailed statistical analysis on several poten-
tials based on recent Planck mission results [1], indi-
cating which of them are good or not to drive inflation.
We just cite some potential of interest, as power law
potential (or chaotic inflation), exponential potential,
inverse power law potential, hill-top models, symmetry
breaking potential, natural inflation, hybrid inflation
(or multi fields inflation), among others. In all these
potentials there are parameters to be adjusted accord-
ing to duration of inflation for instance, measured by
the number of e-foldings N ≡ ln(aend/ainitial). Also
to measure the correct transition to the end of the in-
flationary era, called reheating phase and most impor-
tant, the correct prediction of density perturbations,
responsible for the formation of galaxies and cluster of
galaxies and also for the anisotropies in the cosmic mi-
crowave background (CMB) radiation. This last test
throw away several potentials based on Planck 2013
observations [1].
As already pointed out above, another important
characteristic of inflationary models is how inflation
ends. The scalar field, after rolling down to the bottom
of the potential, needs to leave the scene in order to
next phase of the universe takes place. In other words,
the scalar field must decay to its minimum value in
order not to act any more. This process is called re-
heating. A hot universe at the end of the inflation is a
necessary condition in order to radiation dominate and
also the conventional matter start to form while the
temperature is cooling down. In the modern inflation-
ary model, the scalar field oscillates while rolls down
to the bottom of the potential, transferring energy to
other matter fields, or even decaying into standard par-
ticles. The details of reheating are an important sub-
3ject into the inflationary cosmology. Some models add
a phenomenological decay term to the equation of mo-
tion of the scalar field (after inflation, the term φ¨ is
important again):
φ¨+ 3Hφ˙+ V ′(φ) + Γφ˙ = 0 , (9)
where Γ is considered a decay rate of the field φ into
other particles [33, 36, 37]. Such friction term is also
needed to make fine adjustments in theory, not allow-
ing inflation to occur forever for instance. Such term
can be calculated in standard models of inflation in
terms of the coupling between the inflaton field and
the particles it couples in order to control the damp-
ing of oscillations during the reheating [37].
After all, having the inflation occurred, the scalar
field rolling down to the bottom of the potential and
oscillating accordingly with the last term of (9) to cor-
rectly stop the inflation, a final key question still pre-
vails. What is such scalar field? It is named infla-
ton, the particle responsible for the inflation, but his
very nature is not known yet. The only fundamen-
tal scalar particle detected in the nature is the Higgs
field, responsible for the electro-weak symmetry break-
ing, which also put scalar field based inflation scenarios
as the most attractive ones. For this reason alterna-
tive models would also have the same behaviour as the
standard scalar field one.
All the observed matter in the universe are consti-
tuted by fermions, which motivated us to construct
an inflationary model with the fermionic dark spinor
called Elko. Being a good candidate to describe dark
matter in the universe we have found that it can drive
the inflation and the dark matter evolution after infla-
tion, very close to standard scalar field based models.
Also, the recent accelerated expansion of the universe
can be correctly described if a cosmological constant
like term be added to the potential of the field. Fi-
nally, since the dark matter does not interact electro-
magnetically with other baryonic matter, the presence
of an additional electromagnetic radiation term into
the original Lagrangian would reproduce the radiation
dominated phase after inflation, responsible for the nu-
cleosynthesis, before the dark matter dominance3. In
the present study we do not include an electromagnetic
3 We recommend to the reader the books by Kolb-Turner [36],
specifically pages 73 and 274 where the thermal history of the
universe is traced by interesting figures, with very realistic or-
ders of magnitude for some parameters of the standard model
radiation term, thus only inflation, dark matter domi-
nance and accelerated expansion are addressed in this
model. We aim to place the Elko inflationary model
as an alternative to standard scalar fields based mod-
els once it has basically the same behaviour but could
also describe the missing dark matter in the universe,
which we believe to be described by a fermionic field.
The paper is organized as follows. In Section II, we
introduce the main Elko equations in cosmology. In
Section III we study numerically how Elko field can be
a good candidate to drive inflation, dark matter and
late time cosmic acceleration. Section IV finish with
some concluding remarks. Appendix A include a brief
deduction of the main equations used in Section II, for
completeness. Appendix B present some details on the
numerical analysis of the coupled system of equations.
II. ELKO DYNAMICS IN FRW
In momentum space, the mass dimension one
fermionic Elko field [4–10] is represented by λβ(k)
S/A
and constructed as fermions that are eigenstate of
the charge conjugation operator C, satisfying a rela-
tion of type
¬
λβ (k)
S/Aλβ′ (k)
S/A = ±2mδββ′ , where
λβ′ (k)
S/A and
¬
λβ (k)
S/A are the usual spinor and its
dual, respectively, the index β stands for the two possi-
ble helicities of the spinor and S/A stands for the self-
conjugate spinor (S) and anti-self-conjugate (A). The
dual must be conveniently defined, and the first formu-
lation defined it as
¬
λβ= iε
α
βλ
†
αγ
0, with εαβ = −εβα = +1
and γ0 the Pauli matrix. More details can be found in
[10–12] with another definition for the dual. While pro-
foundly altering the quantum structure of the field, the
definition for the dual of Elko does not alter its classical
formulation, so that cosmological applications remain
valid. The four spinors λβ(k)
S/A will act as expansion
coefficients to construct the quantum analogue of the
field, which we will call just as λ(xµ). The positivity
of energy will requires an anti-commutation relation
for the fields, thus the fermionic character of the quan-
tum field is confirmed, along with all properties that
characterize a fermionic field, such as Pauli’s exclusion
principle and obey Fermi-Dirac’s statistics [5, 10].
of cosmology, both during and after inflation. Also the most
up-to-date books by Weinberg [38] and Peter & Uzan [39] are
good references.
4In order to use the Elko field as the matter content
in the universe, we will work with its classical formula-
tion, or in terms of average values of its quantum field
in a classical background. Also, in a curved homo-
geneous and isotropic space-time we assume that the
Elko field is filling all the space homogeneously [13–
32], thus we can assume that it can be split into a
time dependent part and a flat space-time dependent
part, which carries all the spinor structure, namely,
λ(xµ) = φ(t)ξ(x), such that ξ stands here, for simplic-
ity, for one of the four kinds of Elko discussed above,
normalized as
¬
ξ ξ = ±1. A convenient choice for the
bare spinor ξ and its dual
¬
ξ is:
ξ =
1√
2


±i
0
0
1


¬
ξ=
1√
2
(
i, 0 0, ∓1
)
(10)
We choose to work with a positive norm spinor. Also,
since the spinor ξ is constant, we will refer to Elko field
just as Φ(t) ≡ φ(t)ξ.
Another important characteristic that Elko fields
carries is that due to its mass dimension one the possi-
ble self-couplings of the field are limited. In particular,
for Elko fields, the only two allowed self-couplings are
of the type 1
2
m2
¬
λ λ and 14α(
¬
λ λ)2. There are also the
possibility to couple it to a Higgs field [4, 5, 9].
In this paper we study the Elko field coupled to grav-
ity in a Einstein-Cartan framework following recent re-
sults [27, 28], and we show how it can be the responsi-
ble for all phases of the universe. Appendix A contain
a brief derivation of the main equations. The action
for the Elko field coupled to gravity in a homogeneous
and isotropic metric has been already presented in the
literature [16, 17, 20, 27–32], for both torsion free and
torsion coupled equations. The Friedmann equations
are given by:
H2 =
κ2
3
[
Φ˙2
2
+ V (Φ) +
3
8
H2Φ2 +
3
4
HhΦ2
]
+
(
1 +
κ2Φ2
8
)
h2 , (11)
H˙ = −κ
2
2
[
Φ˙2 +
3
4
HhΦ2 − 1
4
d
dt
[(H + h)Φ2]
]
−3
(
1 +
κ2Φ2
8
)
h2 , (12)
and the motion equation for the scalar part of the Elko
field can be obtained by deriving the first equation and
using the second one:
Φ¨ + 3HΦ˙ + V ′(Φ)− 3
4
(H + h)2Φ = 0 , (13)
where
h(t) = −1
8
κ2Φ2
(1 + κ2Φ2/8)
H , (14)
is the only non-null torsion function in the specific case
of a homogeneous and isotropic metric [41]. After sub-
stituting (14) into Eqs. (11)-(13) and rearranging we
are left with:
H2 =
κ2
3
(
1 +
κ2Φ2
8
)[
Φ˙2
2
+ V (Φ)
]
, (15)
H˙ = −κ
2
2
(
1 +
κ2Φ2
8
)[
Φ˙2 − 1
2
HΦΦ˙
(1 + κ2Φ2/8)2
]
, (16)
Φ¨ + 3HΦ˙ +
dV (Φ)
dΦ
− 3
4
H2Φ
(1 + κ2Φ2/8)2
= 0 , (17)
together the equations for energy density and pressure
[28]:
ρ =
Φ˙2
2
+ V (Φ) +
3
8
H2Φ2
(1 + κ2Φ2/8)
, (18)
p =
Φ˙2
2
− V (Φ)− 3
8
H2Φ2
(1 + κ2Φ2/8)
− 1
4
H˙Φ2
(1 + κ2Φ2/8)
−1
2
HΦΦ˙
(1 + κ2Φ2/8)2
. (19)
Notice that the structure of such system of equations
is much richer than those corresponding to a standard
scalar field, Eqs. (1)-(5). For this reason the Elko field
can be a good candidate to drive not only the infla-
tionary phase of the universe, but also the subsequent
phases, as dark matter evolution and accelerated ex-
pansion. In which follows we will considerer the above
set of equations for each of these eras.
III. NUMERICAL RESULTS
In this section it is presented the numerical results
concerning tree different phases of expansion of the
universe, namely the inflation, dark matter evolution
and late time acceleration. A few more details on the
numerical equations and values for parameters used are
given in Appendix B.
5FIG. 1: Potential (20) (in units of m4pl) constructed with
v0 = 0 (black line) or shifted by v0 = 3.0×10
−22 (red line).
A. Chaotic Elko inflation
Now let us start considering the Elko field as a candi-
date to inflaton field in the universe. We will consider
a symmetry breaking potential type plus a constant v0,
namely:
V (Φ) = v0+Λ
4
(
1−Φ
2
σ2
)2
= V0− 1
2
µ2Φ2+
α
4
Φ4 , (20)
where V0 = v0 + Λ
4, µ = 2Λ2/σ and α = 4Λ4/σ4,
with Λ, σ and v0 ≪ Λ4 positive constants. It is well
known that such kind of potential represents a particle
of physical mass m =
√
2µ and has a minimum at
Φ = σ. Such minimum is zero if v0 = 0, as showed
in Figure 1 (black line), or shifted by v0, as showed in
Figure 1 (red line).
Following the chaotic inflationary model by Linde
[35] we consider the pre-inflationary phase of the uni-
verse composed by Elko fields distributed chaotically
over all the space. In particular we consider that
most of fields satisfies4 Φ & mpl ≈ 1019GeV and its
4 Notice that a classical description of the evolution of the uni-
verse is possible for an energy density satisfying ρ ≪ m4pl ∼
1076GeV, thus our only requirement is V (Φ) ≪ m4pl which
may be achieved if α ≪ 1 for the potential (20). From now
on we will write explicitly κ2 = 8piG = 8pi/m2pl.
time variation is greater than the variation of Φ in
a Hubble time, Φ˙ ≫ HΦ, which means it is impor-
tant during inflation. If the inflation occurs at about
t ∼ H−1 ≈ 10−34s ≈ 10−10GeV−1 we have H ≪ mpl,
thus the last terms of (16) and (17) can be discard and
we have
H2 =
8π
3m2pl
(
1 +
πΦ2
m2pl
)[
Φ˙2
2
+ V (Φ)
]
, (21)
H˙ ≈ − 8π
2m2pl
(
1 +
πΦ2
m2pl
)
Φ˙2 , (22)
Φ¨ + 3HΦ˙ + V ′(Φ) ≈ 0 , (23)
Except for the term inside curl brackets (that is im-
portant only in the limit Φ & mpl) these expressions
are quite equivalent to (1)-(3). Such impressive re-
sult shows that all successful inflationary models with
a (unknown) scalar field can now be used here, where
the inflaton field is the Elko field, a much more phys-
ically reasonable field that is a natural candidate to
dark matter particle. In particular, the slow-roll con-
dition (6) responsible for the beginning of the inflation
is maintained (considering V ≫ Φ˙2), since that the
ratio H˙/H2 will exactly cancel the term inside curl
brackets, which ensures that such inflationary model
starts exactly as in the standard scalar field model.
For the second slow-roll condition (7) it can be shown
that it is written as:
|η(Φ)| ≃
∣∣∣∣∣ 1κ2 V
′′(Φ)(
1 + κ2Φ2/8
)
V (Φ)
∣∣∣∣∣≪ 1 , (24)
so that when Φ ≪ mpl the expression (7) is recovered
and when Φ≫ mpl we have η ≃ (m4pl/8π2Φ2)(V ′′/V ).
After inflation start the field must decay according
to the general equations (15)-(17).
We will present some numerical results for the com-
plete system of equations (15)-(19) taking the partic-
ular potential (20) in order to illustrate the validity of
the model (see Appendix B for some details). Before
that, let us make some estimates on the parameters
of V (Φ) in order to reproduce viable models of infla-
tion. First notice that the parameter σ is an energy
scale that characterize the final evolution of the field
Φ, since that the initial field Φi > σ rolls down to the
bottom of the potential and when Φ→ σ the potential
vanish, V (Φ→ σ) = 0 and the inflationary mechanism
ends. In this sense it will characterize the number of
6(a) (b)
(c) (d)
FIG. 2: Numerical results for the parameters a(t), Φ(t), H(t) and H(t)−1/a(t) during the inflationary phase, from
ti = 1.0 × 10
−35s up to tf = 3.0 × 10
−32s, obtained with the parameters Φi = 2.1mpl, σ = 1.0mpl, Λ = 5 × 10
−6mpl ≃
6.1 × 1013GeV and v0 = 0. (a) - Evolution of the scale factor a(t) with initial condition ai = 1. (b) - Decay of the field
Φ(t) (in units of s−1) for initial values above and also dΦ(0)/dt ≡ Φ˙i = 0 for the equation (17) in the presence of the last
term (black line) and in the absence of the last term (red line). (c) Evolution of H(t) (in units of s−1). (d) Evolution of
H(t)−1/a(t).
e-foldings of the inflation. It is also directly related to
the physical mass of the field, together the parameter
Λ, from (20). The parameter Λ characterizes the total
potential energy of the field and a strong constraint
into it is V (Φi)≪ m4pl, which guarantees that the field
energy is bellow Planck scale. We also expect inflation
to occur after a initial time ti ∼ 10−35s, once we do
not know exactly what happens before such time, and
finish at about tf ∼ 10−32s. After that the universe
expands according to the standard model of cosmology.
Now we will present the numerical results for the
following set of parameters: v0 = 0, Φi = 2.1mpl, σ =
7(a) (b)
(c) (d)
FIG. 3: (a) - Numerical result for the scale factor evolution for a long time (black line). In red line we plot the function
a(t) = a0t
2/3 for comparison, with a0 = 1.30 × 10
62. (b) - Numerical analysis for ω(t) from (26). The average oscillation
is around ω = 0. (c) - Extrapolation of the curve a(t) = a0t
2/3 up to present time (red dashed line) and the numerical
result for a(t) (black line) in logarithm scale. (d) - Numerical result for the evolution of the energy density (18) during
the inflation (black line) and extrapolated function up to present time (red dashed line) (in units of s−4).
1.0mpl and Λ = 5× 10−6mpl ≃ 6.1× 1013GeV. For our
model we have at the beginning of inflation:
H2(ti) ≃ 8π
3m2pl
(
1 +
πΦ2i
m2pl
)
V (Φi) ≃ 9.04× 10−19m2pl ,
(25)
which leads to ti = H
−1 ≃ 5.7 × 10−35s, a very rea-
sonable value. Notice also that for such Φi we have
V (Φi) ≃ 7.2 × 10−21m4pl, which guarantees the con-
dition V (Φi) ≪ m4pl. Also, for such parameters we
have ǫ ≈ 0.24 and η ≈ 0.011 for the slow roll param-
8eters (6) and (24). The physical mass for such field is
m =
√
2µ = 7.1 × 10−11mpl ≃ 8.6 × 108GeV and the
value of the self-coupling constant is α ≃ 2.5× 10−21.
Figure 2 (a) shows the numerical result for the scale
factor evolution for the parameters indicated in the
figure. We see that the scale factor grows for several
order of magnitude from an initial time ti ∼ 0 up to
a final time of about tf ∼≃ 1.25× 10−32s as expected
(tf characterize the end of inflation, and we are using
ti = 10
−35s in the numerical analysis). The scale fac-
tor grows from ai = 1 to af ≃ 2 × 1040 during the
inflationary phase, which leads to an e-folding num-
ber of about N = 93, in reasonable accord to modern
theories of inflation. We have also verified numerically
that the choice of the initial value of the field Φi alters
drastically the amount of e-foldings without to alter
significantly its duration, which is more sensitive to
changes on the Λ parameter. Greater the values of Λ
smaller the duration of inflation. After this we observe
that the exponential evolution stops and the universe
evolves in a non-accelerating phase.
Figure 2 (b) shows the numerical behaviour for the
field Φ(t). It starts from Φi = 2.1mpl ≃ 3.9× 1043s−1
and Φ˙i = 0 and rolls down to the bottom of the po-
tential, oscillating around its minimal value of Φ¯ =
σ = 1.0mpl in this case. The black line shows the
numerical result for the complete Eq. (17), including
its last term, and red line shows the behaviour in ab-
sent of last term. It is clear that the presence of the
last term causes a kind of damping while the field rolls
down, delaying its fall to the bottom of the potential.
Such behaviour is an analogous to that one of the phe-
nomenological term proportional to Γ for the standard
scalar field (9).
Figure 2 (c) shows the evolution of H(t) decreasing
abruptly after inflation and Figure 2 (d) the evolution
of H(t)−1/a(t), showing that its time derivative are
negative up to about tf ∼ 1.20 × 10−32s, as required
by (8).
B. Dark matter evolution
Now let us analyse how is the behaviour of the Elko
field after inflation. As already indicated by the Fig-
ure 1 (a), after inflation the scale factor evolution
change its concavity and another phase of evolution
takes place. It is well known from standard model of
cosmology that the next phase is a radiation dominated
universe, scaling as t1/2, since the hot universe just af-
ter inflation is the responsible for the CMB radiation
observed today, as the universe cools. After radiation
the universe enters a phase dominated by dark matter,
scaling as t2/3, the pressure of matter is null, indicat-
ing that particles stops its collisions and galaxies and
cluster of galaxies start to form.
Contrary to the standard inflationary model con-
structed with a scalar field, where the inflaton field
must decay to zero during the reheating in order to
radiation and dark matter start to dominate, in our
model constructed with the Elko field the evolution
continues driven by equations (15)-(19). In Figure 3
(a) we show the numerical analysis for the evolution
of the scale factor for a very long time after inflation
(black line), with the same parameters before. We also
plotted in the same figure a scale factor evolution of the
form t2/3 (red line) for a matter dominated universe,
just for comparison. It is clear from the analysis of the
figure that the evolution after inflation is exactly like
a matter dominated universe, as expected, since the
Elko field has exactly the physical characteristics of a
dark matter particle.
Another way to analyse such evolution after inflation
is by mean of the equation of state parameter:
ω(t) =
p(t)
ρ(t)
. (26)
A numerical analysis for ω(t) taking (18)-(19) is
showed in Figure 3 (b). After start from ω = −1,
a vacuum type equation of state parameter, responsi-
ble for the acceleration during inflation, the equation
of state parameter starts to oscillate at the end of in-
flation. The first amplitude grows from −1 to slightly
above 1 while the second grows from −1 to above 0. It
is clear that the average oscillation is around 0, show-
ing that during all the future evolution the equation
of state parameter is of dust type, or pressureless, as
required by a dark matter field.
Due to numerical limitations (long time of calcula-
tions), we cannot cover all the time scale up to present
time for the evolution of the scale factor. Nevertheless,
having the function that plots the evolution after in-
flation, namely a(t) = a0t
2/3, we can extrapolate such
function up to present time. This is shown in Fig-
ure 3 (c) (red dashed line) in a logarithm scale. In
black line we shown the numerical result for a(t) up
to t ∼ 10−28s. Notice that the end of time scale is
about ≃ 1018s, exactly today. The scale factor growth
to about 1074, exactly as predicted by standard model
of cosmology [36, 38, 39].
9FIG. 4: (a) - Evolution of the scale factor with a potential containing a shift term v0 (black line) and the evolution
proportional to t2/3 (red line), for comparison. The crossing of the curves occurs at t∗ that goes to infinity when v0 → 0.
Another very important quantity concerning the
Elko field during its evolution is its energy density
ρ, given by (18). During the inflationary phase we
expect it to be nearly constant. At the end of in-
flation the energy density of the universe must be
about 1070 − 1065g/cm3, depending exactly when the
inflation ends [36, 38, 39]. In Figure 3 (d) we plot
in a logarithm scale the numerical result for the en-
ergy density (18) during inflation and just after it.
It is clear that the energy density is nearly constant
at beginning and then decreases abruptly after infla-
tion ends. If the inflation ends at about tf ∼ 10−32s,
the corresponding energy density at this time is about
10150s−4 ∼ 1053GeV4 ≃ 1070g/cm3, in a good agree-
ment to estimates of standard model. This is an im-
portant constraint of the model. Also, if we extrap-
olate the curve of the energy density up to present
time, showed in red dashed line of Figure 3 (d), we
obtain an energy density for the present time of about
1052s−4 ∼ 10−45GeV4 ≃ 10−28g/cm3. The estimated
value for the present time is about 10−27g/cm3, also
indicating a good agreement to standard model, since
we must also add baryonic matter and radiation to
current model of cosmology.
C. Recent cosmic acceleration
As a final remark let us see how we can address to
this model the recent accelerated evolution of the uni-
verse. Looking for the potential from Figure 1 with
v0 = 0 (black line), it is clear that as the field rolls
down to its average value Φ¯ = σ and goes to the bot-
tom of the potential we have V (Φ¯) → 0 and the evo-
lution follows as t2/3. But we have noticed that, if
the potential is slightly shifted by a small v0, we have
V (Φ¯) → v0 and such term will act exactly as a cos-
mological constant term at the future evolution of the
universe.
Figure 4 shows the numerical analysis in a arbitrary
time scale for the behaviour of scale factor in the pres-
ence of such term. It is clear that the universe starts
in an inflationary phase at ti that ends at tf , then it
passes to a phase nearly proportional to t2/3 from tf
to t∗ and then it starts a new accelerating phase af-
ter t = t∗. In the numerical analysis we have used
v0 = 1.0 × 10−28m4pl, but the value of t∗ is not re-
alistic here, since the acceleration starts only in the
future. Even in this qualitative analysis, it is also ob-
vious that the actual accelerating phase is much more
smooth than the inflationary evolution. We have also
verified numerically that the instant of time where the
acceleration start to dominate is dependent just on v0.
When v0 → 0 the crossing between the two curves of
Figure 4 will occur each more in the future, namely
t∗ → ∞. The precise value of v0 must be constrained
by observations.
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IV. CONCLUDING REMARKS
In this paper we have studied a cosmological scenery
where the mass dimension one Elko field subject to a
symmetry breaking potential is the only matter con-
tent of the universe. Following the chaotic inflationary
model, for an Elko field characterized by a time evo-
lution represented by Φ(t) at an initial energy scale
Φi > mpl, we have obtained numerically that the dy-
namical evolution of the Elko field rolling down to the
bottom of the symmetry breaking potential has the
desired properties of an inflaton field. The slow-roll
conditions for the system were obtained in the limit
H ≪ mpl and it was showed that they are satisfied for
the initial conditions in the present case.
Several important aspects can be found in the model
after numerical results. First, a nearly exponential
growth of the scale factor from ti ∼ 10−35s up to
10−32s leads to an inflation of about N = 93 e-foldings.
After inflation, the field enters a dark matter era evolv-
ing as t2/3, oscillating around the minimum of the po-
tential, resting at an energy of about mpl, where the
potential energy is null. The energy density at the end
of inflation is the expected one according to standard
model, about 1070g/cm3. By making an extrapolation
of the curve a(t) = a0t
2/3 up today, we have found
that the scale factor growth to about 1074 order of
magnitude, also in good agreement to standard model.
Additionally, the energy density of the field for present
time is ρ ∼ 10−28g/cm3, just one order of magnitude
bellow the predicted by standard model. Finally, if
the potential is slightly shifted by a constant term, the
scale factor enters a new phase similar to a cosmo-
logical constant dominated universe, reproducing the
present accelerated phase of the universe. Such con-
straints on different epochs are important results of
the model, which must be better constrained with ob-
servations and also including radiation and baryonic
matter to the model.
Another interesting properties naturally follows
from the system of equations. First, the very similar
form of the equations that governs the time evolution
of Elko field with the standard scalar field in the limit
H ≪ mpl. Also, the presence of a correction term
similar to a kind of damping term present in the stan-
dard scalar field model of inflation. Here such term
appears naturally. While the field is rolling down to
the bottom of the potential its equation of state pa-
rameter goes from −1 to an average oscillation around
zero, which guarantees a dark matter evolution after
the initial exponential growth.
We have also verified numerically that greater the
value of the initial field Φi greater the number of e-
foldings of the inflationary expansion. The σ param-
eter also alters the number of e-foldings. Greater the
value of the parameter Λ into the potential lesser the
duration of the inflationary exponential growth.
As a final remark concerning the inflation driven by
Elko, if we consider the Elko field just as a classical
field, the numerical solutions shows that it has the
desired properties to drive inflation, but the physical
mechanism to this can be better understood if we treat
the Elko field as a quantum one. The complete Elko
field λ = Φ(t)ξ can be treated as an average value 〈λ〉
of the quantum field, and the above set of equations
must remain valid.
A possible way to understand the inflationary phase
as a result of the Pauli exclusion principle is as fol-
lows. In pre-inflationary phase the particles are filling
the energy states according to Pauli exclusion princi-
ple, just one particle in the ground state, one particle
in the first excited state and so on, with a large en-
ergy spacing among them. But all particles are rolling
down to the bottom of potential, each one trying to
occupy the minimal energy state, while the degener-
acy pressure prohibits particles of greater energy from
occupying lower energy states. Such system can stay
in equilibrium in this configuration, as occurs in a neu-
tron star, or all particles can nearly reach the ground
state energy (with a small energy spacing among them)
provided that the volume of the system increase signif-
icantly, as occurs after inflation. It is well known that
the energy spacing in some quantum systems are in-
versely proportional to its volume. The effect of the
degeneracy pressure is to enlarge the system, given
rise to inflation, where the volume of the whole sys-
tem increases in order to allow the particles to occupy
nearly the lowest energy state. Thus the Pauli exclu-
sion principle act as a repulsive force and makes the
whole system to expand, given rise to inflation. No-
tice that such quantum interpretation is not possible
for a bosonic scalar field, the main ingredient in the
standard model of inflation.
This and other properties deserves future investiga-
tions in order to place the Elko field as a good candi-
date to drive inflation and other phases of evolution of
the universe.
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APPENDIX
A. Elko in Einstein-Cartan framework
The action for Elko field in a general Einstein-Cartan framework is:
S =
∫
d4x
√−g
[
− 1
2κ2
R˜ +
1
2
gµν∇˜µ
¬
λ ∇˜νλ− V (
¬
λ λ)
]
. (27)
The flat FRW metric with a lapse function N(t) can be written in terms of vierbein:
gµν = e
a
µ e
b
ν ηab, (28)
where ηab = diag(1,−1,−1,−1) and e aµ is given by
e aµ = [N(t), a(t), a(t), a(t)] , e
µ
a = [
1
N(t)
,
1
a(t)
,
1
a(t)
,
1
a(t)
]. (29)
Greek indexes stands for curved spacetime and latin indexes for Lorentz indexes. Dirac matrices γµ in curved
spacetime are related to γa in Minkowski spacetime by γµ = eµaγ
a, satisfying:
γµγν + γνγµ = 2gµν , γaγb + γbγa = 2ηab. (30)
The covariant derivatives of a spinor and its dual are defined as
∇˜µλ ≡ ∂µλ− Γ˜µλ , ∇˜µ
¬
λ≡ ∂µ
¬
λ +
¬
λ Γ˜µ , (31)
where tilde denotes the presence of torsion. The spin connection Γ˜µ is given by [40]:
Γ˜µ =
1
8
ωµ
ab [γa, γb] , (32)
where ωµ
ab = eaν∂µe
νb + eaνΓ˜
ν
µρe
ρb and the affine connection containing the contorsion Kρµν is given by:
Γ˜ρµν = Γ
ρ
µν +K
ρ
µν , (33)
where Γρµν is the standard Christoffel symbol. The contorsion is written in terms of the torsion tensor T
ρ
µν as:
Kρµν = −
1
2
(T ρµν + T
ρ
µν + T
ρ
νµ ) . (34)
For a homogeneous and isotropic metric in a Riemann-Cartan spacetime, the non-vanishing components of torsion
are [41]:
T110 = T220 = T330 = −T101 = −T202 = −T303 = a(t)2h(t), (35)
Tijk = 2a(t)
3f(t)εijk, (36)
and the functions h(t) and f(t) are general and εijk is the totally antisymetric symbol. The non-vanishing
components of the connection are [42]:
Γ˜000 =
N˙
N
, Γ˜0ij =
aa˙+ a2h
N2
δij , Γ˜
i
0j =
a˙+ ah
a
δij , Γ˜
i
j0 =
a˙
a
δij , Γ˜
i
jk = −afεijk . (37)
The Ricci curvature scalar is:
R˜ = −6
[
1
aN
d
dt
(
a˙+ ah
N
)
+
(
a˙+ ah
aN
)2
− f2
]
. (38)
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By assuming the Elko fields as λ = φ(t)ξ ≡ Φ(t), such that ξ is a constant spinor and
¬
ξ ξ = 1, the lagrangian
density reads:
L = − 1
N
(
3aa˙2
κ2
− 3a
3h2
κ2
− 1
2
a3Φ˙2 − 3
8
a(a˙+ ah)2Φ2
)
−N
(
3a3f2
κ2
+
3
8
a3f2Φ2 + a3V (Φ)
)
, (39)
where V (Φ) is the potential.
Taking the Euler-Lagrange equations with respect to N(t), a(t), Φ(t), h(t) and f(t) we obtain (setting N → 1
at the end), respectively
3H2 = κ2
[
Φ˙2
2
+ V (Φ) +
3
8
H2Φ2 +
3
4
HhΦ2
]
+ 3
(
1 +
1
8
κ2Φ2
)
h2 + 3
(
1 +
1
8
κ2Φ2
)
f2 , (40)
− 2H˙ − 3H2 = κ2
[
Φ˙2
2
− V (Φ)− 3
8
H2Φ2 − 1
4
d
dt
[(H + h)Φ2]
]
+ 3
(
1 +
1
8
κ2Φ2
)
h2 − 3
(
1 +
1
8
κ2Φ2
)
f2 , (41)
Φ¨ + 3HΦ˙ +
dV (Φ)
dΦ
− 3
4
(
(H + h)2 − f2
)
Φ = 0 , (42)
h(t) = −1
8
κ2Φ2
(1 + κ2Φ2/8)
(
a˙
a
)
, f(t) = 0 , (43)
where H = a˙/a, as usual. Written in this form, the right side of (40) and (41) are, respectively, energy density
and pressure of the field. Substituting h(t) and f(t) from (43) into (40), (41) and (42) we obtain, after some
algebraic manipulations, the equations (11), (12) and (13).
B. Numerical analysis of the system of differential equations
In this Appendix we will briefly present in a few more details the numerical method for solution of the coupled
system of differential equations (15)-(19) in order to construct the Figures of Section II. We use the DEtools
Package from Maple 15 Software, where numerical solutions are found by the method rkf45− dae, which is an
extension of the rkf45 method, which finds a numerical solution using a Fehlberg fourth-fifth order Runge-Kutta
method with degree four of interpolation.
For the figures concerning the scale factor a(t) and the field Φ(t) we use the equations (15) and (17) in the
form:
da(t)
dt
− a(t)
√
κ2
3
(
1 +
κ2Φ(t)2
8
)[
1
2
(
dΦ(t)
dt
)2
+ V (Φ)
]
= 0 , (44)
d2Φ(t)
dt2
+ 3
1
a(t)
da(t)
dt
dΦ(t)
dt
+
dV (Φ)
dΦ
− 3
4
[
1
a(t)
da(t)
dt
]2
Φ(t)
(1 + κ2Φ(t)2/8)2
= 0 , (45)
The differential equation for a(t) is of first order while for Φ(t) is second order. Given a potential V (Φ) we just
need three initial conditions:
a(t = 0) = ai, Φ(t = 0) = Φi,
dΦ(t = 0)
dt
= Φ˙i (46)
We use:
V (Φ) = v0 + Λ
4
(
1− Φ
2
σ2
)2
. (47)
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For the Figures 2 (a), (b), (c) and (d), Figure 3 (a), (b), (c) and (d) we have used ai = 1, Φi = 2.1mpl =
3.9×1043s−1 and Φ˙i = 0, σ = 1.0mpl, v0 = 0 and Λ = 5×10−6. In Figure 4 (black line) we use the same parameters
before with v0 = 1 × 10−28m4pl. We have used κ2 = 8π/m2pl with mpl = 1.22× 1019GeV= 1.86× 1043s−1. Thus
all the time scales are in units of seconds.
For the Figure 3 (b) notice that the pressure (19) contain a term H˙ , which requires an initial condition for
a˙(t = 0). To work around this issue we have used the expression (16) for H˙ in the form:
H˙ = −κ
2
2
(
1 +
κ2Φ(t)2
8
)[(
dΦ(t)
dt
)2
− 1
2
1
a(t)
da(t)
dt
Φ(t)
(1 + κ2Φ(t)2/8)2
dΦ(t)
dt
]
, (48)
into the corresponding term of (19), thus the differential equation is of first order and the above initial conditions
are sufficient to evaluate ω(t).
Acknowledgments
SHP is grateful to CNPq - Conselho Nacional de Desenvolvimento Cient´ıfico e Tecnolo´gico, Brazilian research
agency, for financial support, grants number 304297/2015-1 and 400924/2016-1. TMG was partially supported
by CAPES - Brazil.
[1] Planck Collaboration, P. A. R. Ade et al., Planck 2013
results. XVI. Cosmological parameters, Astron. Astro-
phys. 571, A16 (2014), [arXiv:1303.5076];
Planck Collaboration, P. A. R. Ade et al., Planck 2013
results. XXII. Constraints on inflation, Astron. Astro-
phys. 571 (2014) A22, [arXiv:1303.5082];
Planck Collaboration, P. A. R. Ade et al., Planck
2013 results. XXIV. Constraints on primordial non-
Gaussianity, Astron. Astrophys. 571, A24 (2014),
[arXiv:1303.5084].
[2] J. Martin, C. Ringeval and V. Vennin, Encyclopae-
dia Inflationaris Phys. Dark Univ. 5-6 (2014) 75,
arXiv:1303.3787 [astro-ph.CO],
[3] J. Martin, C. Ringeval, R. Trotta and V. Vennin,
The Best Inflationary Models After Planck, JCAP 03
(2014) 039, arXiv:1312.3529 [astro-ph.CO].
[4] D. V. Ahluwalia-Khalilova and D. Grumiller, Dark
matter: A spin one-half fermion field with mass di-
mension one?, Phys. Rev. D 72 (2005) 067701.
[5] D. V. Ahluwalia-Khalilova and D. Grumiller, Spin
half fermions with mass dimension one: theory, phe-
nomenology, and dark matter, JCAP 07 (2005) 012.
[6] D. V. Ahluwalia, C.-Y. Lee, and D. Schritt,
Elko as self-interacting fermionic dark matter with
axis of locality, Phys. Lett. B687 (2010) 248252,
[arXiv:0804.1854].
[7] D. V. Ahluwalia and S. P. Horvath, Very special rel-
ativity as relativity of dark matter: The Elko connec-
tion, JHEP 11 (2010) 078, [arXiv:1008.0436].
[8] D. V. Ahluwalia, C.-Y. Lee, and D. Schritt, Self-
interacting Elko dark matter with an axis of locality,
Phys. Rev. D83 (2011) 065017, [arXiv:0911.2947].
[9] D. V. Ahluwalia, On a local mass dimension one Fermi
field of spin one-half and the theoretical crevice that
allows it, (2013), arXiv:1305.7509v1 [hep-th].
[10] D. V. Ahluwalia, The Theory of Local Mass Dimension
One Fermions of Spin One Half, Adv. Appl. Clifford
Algebras, (2017) 1-39, [arXiv:1601.03188 [hep-th]].
[11] D. V. Ahluwalia, (2016) arXiv:1605.04224
[physics.gen-ph].
[12] R. J. Bueno Rogrio, J. M. Hoff da Silva, Europhys.
Lett. 118, (2017) 10003, arXiv:1602.05871 [hep-th].
[13] C. G. Boehmer, The Einstein-Cartan-Elko system, An-
nalen Phys. 16 (2007) 38.
[14] C. G. Boehmer and J. Burnett, Dark spinors with tor-
sion in cosmology, Phys. Rev. D 78 (2008) 104001.
[15] C. G. Boehmer and D. F. Mota, CMB anisotropies
and inflation from non-standard spinors, Phys. Lett.
B 663 (2008) 168.
[16] L. Fabbri, The most general cosmological dynamics for
Elko matter fields, Phys. Lett. B 704 (2011) 255.
[17] L. Fabbri, Conformal Gravity with the most general
Elko Fields, Phys.Rev. D 85 (2012) 047502;
L. Fabbri and S. Vignolo, Elko and Dirac Spinors seen
from Torsion, Int.J.Mod.Phys. D 23 (2014) 1444001.
[18] C. G. Boehmer, The Einstein-Elko system - Can dark
matter drive inflation?, Annalen Phys. 16 (2007) 325.
[19] C. G. Boehmer, Dark spinor inflation - theory primer
and dynamics, Phys. Rev. D 77 (2008) 123535.
[20] C. G. Boehmer, J. Burnett, D. F. Mota and D. J.
Shaw, Dark spinor models in gravitation and cosmol-
ogy, JHEP 07, (2010) 053.
14
[21] D. Gredat and S. Shankaranarayanan, Modified scalar
and tensor spectra in spinor driven inflation, JCAP
01 (2010) 008.
[22] A. Basak and J. R. Bhatt, Lorentz invariant dark-
spinor and inflation, JCAP 06 (2011) 011.
[23] C. G. Boehmer and J. Burnett, Dark energy with dark
spinors, Mod. Phys. Lett. A 25 (2010) 101.
[24] H. Wei, Spinor dark energy and cosmological coinci-
dence problem, Phys. Lett.B 695 (2011) 307.
[25] A. Basak, J. R. Bhatt, S. Shankaranarayanan and K.
V. P. Varma Attractor behaviour in Elko cosmology,
JCAP 04 (2013) 025.
[26] H. M. Sadjadi, On coincidence problem in Elko dark
energy model, Gen. Relativ. Gravit. 44 (2012) 2329.
[27] S. Kouwn, J. Lee, T. H. Lee and P. Oh, Elko spinor
model with torsion and cosmology, Mod. Phys. Lett. A
28 (2013) 1350121.
[28] S. H. Pereira, A. Pinho S. S., J. M. Hoff da Silva and
J. F. Jesus, Λ(t) cosmology induced by a slowly varying
Elko field, JCAP, 01 (2017) 055, [arXiv:1608.02777v2].
[29] S. H. Pereira, A. Pinho S. S., J. M. Hoff da Silva, Some
remarks on the attractor behaviour in Elko cosmology,
JCAP 08 (2014) 020.
[30] J. M. Hoff da Silva and S. H. Pereira, Exact solutions
to Elko spinors in spatially flat Friedmann-Robertson-
Walker spacetimes, JCAP, 03 (2014) 009.
[31] S. H. Pereira and A. Pinho S. S., Elko applications on
cosmology, IJMPD 23, (2014) 1444008.
[32] A. Pinho S. S., S. H. Pereira, J. F. Jesus, A new ap-
proach on the stability analysis in Elko cosmology, Eur.
Phys. J. C. 75 (2015) 36.
[33] A. R. Liddle and D. H. Lyth, Cosmological inflation
and large-scale structure, Cambridge University Press,
(2000).
[34] A. D. Linde, Inflationary Cosmology after Planck
2013, (2014) [arXiv:1402.0526].
[35] A. D. Linde, Chaotic inflation, Phys. Lett. B 129
(1983) 177.
[36] E. W. Kolb and M. S. Turner, The Early Universe,
Westview Press, USA, (1990).
[37] L. Kofman, A. Linde and A. A. Starobinsky Towards
the theory of reheating after inflation, Phys. Rev. D56
(1997) 3258.
[38] S. Weinberg, Cosmology, Oxford University Press, Ox-
ford U.K. (2008).
[39] P. Peter and J-P. Uzan, Primordial Cosmology, Oxford
University Press, Oxford U.K. (2013).
[40] H. A. Weldon, Fermions without Vierbeins in Curved
Space-Time, Phys. Rev. D 63, (2001) 104010.
[41] M. Tsamparlis, Cosmological principle and torsion,
Phys. Lett. A 75, (1979) 27.
[42] G. Chee and Y. Guo, Exact de Sitter solutions in
quadratic gravitation with torsion, Class. Quantum
Grav. 29, (2012) 235022.
